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We prove a uniqueness theorem for presentations of modules over a class of 
hereditary noetherian prime rings that includes the hereditary orders studied in 
integral representation theory. The result also generalizes the elementary divisor 
theorem for non-commutative PIDs. 
A key part of the proof is an extension of a direct sum cancellation theorem of 
Drozd to torsionfree modules over a class of non-commutative rings that need not 
be module finite over their center. 0 1989 Academic press, IIIC. 
Let Z be a hereditary noetherian ring with enough invertible ideals (i.e., 
every essential ideal contains an invertible ideal). This includes all non- 
commutative PIRs and all hereditary orders in the sense of integral 
representation theory. 
The rings this paper is primarily concerned with we call (right) neo- 
classical orders, by which we mean (right) noetherian rings A such that 
ZE A E Z, where Z is as above and Z is an essential ideal of Z. We will 
assume throughout the paper that A (equivalently Z) has no artinian ring 
direct summands, where A and r are as above. Observe that any (right) 
neoclassical order is necessarily semiprime Goldie. 
We say that a semiprime Goldie ring satisfies the Drozd condition if its 
classical quotient ring has no summand which is a non-commutative divi- 
sion ring. We show that, given an isomorphism X@ Xz Y@ X of torsion- 
free finitely generated right modules over a right neoclassical order A, if 
End,(X) satisfies the Drozd condition, then Xg Y. Earlier versions of this 
theorem (see [5], [lo], and [ 111) required the ring A to be module finite 
over its center. 
We use the above cancellation theorem in the proof of the following 
unique presentability result: given any presentation f: F’ -+ U over an HNP 
(hereditary noetherian prime) ring with enough invertible ideals (where V 
is projective), then U is uniquely presentable by V provided rk(ker f) > 1, 
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where rk( ) denotes the uniform (Goldie) rank of a module. The result for 
PIDs was first established in [ 121. The result for HNPs is new even for the 
hereditary prime orders of integral representation theory. 
The following example from [ 143 shows that the condition rk(ker f) > 1 
is sharp even when the ring is a PID which is module finite over its center. 
EXAMPLE. Let R be the skew polynomial ring in an indeterminate x 
over the complex numbers C where xc= Ex for CE C, C the complex 
conjugate of c. An easy application of the division algorithm shows that R 
is a PID. Now set a =x2 + pi and b =x2 -pi, /3 any nonzero real number. 
It can be shown that R/aR z R/bR although left multiplication by a and by 
b are nonequivalent maps from R to R. 
Throughout, unless explicitly stated to the contrary, all modules are 
finitely generated and conditions on a ring are two sided (e.g., a noetherian 
ring is both left and right noetherian). The length of a module X over a 
ring R will be denoted by J.,(X), and the subscript will be dropped if there 
is no danger of confusion. The notation X,(,&Y) will be used to indicate 
that X is a right (left) R module. The symbol c will denote strict inclusion, 
Homomorphisms of right (left) modules will be written on the left (right). 
This paper forms part of the author’s doctoral thesis at the University of 
Wisconsin, Madison. The author thanks his advisor Lawrence S. Levy for 
his encouragement and guidance. 
1. PRELIMINARIES 
The term presentation will consistently be used to denote a surjection 
f: l’+ U of modules where V is projective. Two presentations fi: Vi + Ui, 
for i= 1,2, are said to be equivalent if there are isomorphisms g,, g, which 
make the following diagram commute. 
In this case we write fi N f2. If all presentations of a module U by a 
module V are equivalent to each other we say that U is uniquely presentable 
by V. Our main result on presentations is the following theorem. 
THEOREM 1.1. Consider a presentation f: V + U of a module over an 
HNP ring with enough invertible ideals, where rk(ker f) > 1. Then U is 
uniquely presentable by V. 
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The proof proceeds in four steps: 
(1) We reduce to the case where U is an unfaithful module. 
(2) We show that there is a positive integer d such that, for any other 
presentation g of U by I’, f @ fCd) - gOfCd’. 
(3) We switch to the category of projective modules over the ring 
End(f) := { 8 E End(V) : 0 induces a map on U} 
= { 8 E End( V): B(ker(f)) c ker(f)}, 
where f is taken to End(f), and equivalence of presentations corresponds 
to isomorphism of modules. Observe that rk(End(f)) = rk( V). 
(4) We show that, for rings n in a class of prime rings which 
contains the above End(f), if rk(.4) > 1, then 
We, in fact, obtain a better cancellation result than is needed in the 
above proof, but we need a few definitions before we can state it. For a 
module X, we define div(X) to be those modules Y such that Y 1 X’“’ for 
some integer n. That is, Y is isomorphic to a direct summand of X”” for 
some n. An element of a module will be called torsion if it is annihilated by 
some regular element of the ring. Since all our rings are semiprime Goldie 
the torsion elements of a module form a submodule. We will call a module 
torsion (torsion@) if all (no) elements of the module are torsion. Observe 
that the endomorphism ring of a torsionfree right module over a right 
neoclassical order is a semiprime Goldie ring. 
THEOREM 1.2. Consider a torsionfree right module X over a right 
neoclassical order such that End (X) satisfies the Drozd condition. Zf 
2 E div(X), then 
X@ZE Y@Z=XZ Y. 
The proof of this theorem, along with some additional facts about and 
some examples of neoclassical orders, will occupy Sections 3 through 6. 
2. PRESENTATIONS OVER HNP RINGS 
In this section we carry out the first three steps of the proof of 
Theorem 1.1 as outlined above. 
2.1. Reduction to Unfaithful Case 
The following proposition shows that (modulo a cancellation result for 
projective modules which we establish in Section 6) it will suffice to 
consider presentations of unfaithful modules. 
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PROPOSITION 2.1.1. Suppose f: V + X is a presentation over an HNP 
ring H with enough invertible ideals, where V is projective and rk(ker f) # 1. 
Then 
(i) We can write V = VI @ V2 and X = Vi 0 T, where T is torsion 
(and so artinian), and f carries Vz onto T and V, isomorphically onto Vi. 
(ii) Zf V, is uniquely determined by X and V, and T is uniquely 
presentable by V2, then X is uniquely presentable by V. 
(iii) T= U@ C where U is unfaithful serial and C is completely 
faithful (every non-zero subquotient of C is faithful). 
(iv) T is uniquely presentable by V2 o U is uniquely presentable 
by V,. 
Proof Parts (i), (ii), and (iii) follow from the results in [14, Sections 
2 and 31. The proof of part (iv) will occupy the remainder of this sub- 
section. 1 
The next lemma is a slightly strengthened version of [ 14, Lemmas (1.2), 
(1.3) and (1.4)]. The proofs are essentially identical to the original proofs 
and will be omitted. We require some definitions: If M= M, 0 . .. 0 M, 
is an R-module, then EL(M,, . . . . M,) will denote the subgroup of 
Aut,(M) generated by elementary transvections, lEndcMj -I- tIii, i# j, where 
fIijc Hom,(Mj, MJ is identified with its extension to M by 8,(M,) = 0 for 
j# k. For a module M let EL(M) denote the subgroup of Aut(M) 
generated by all elementary transvections with respect to all decomposi- 
tions of M. For a right module M over a ring R having an ideal A let 
EL(M;A) := {KEEL: 1,,,C,,-8~Hom,(M, MA)). 
LEMMA 2.1.2. Suppose f: P 0 Q + X is an epimorphism of R-modules, 
where P is projective and XA = X for some ideal A of R. 
(i) Iff(Q)=X, then (f +fe)(P)=Ofor some BEHom,(P,QA). 
(ii) Zf g(P) = X for some map g, then (f + p)(P) = X for some 
0~ Hom,(P, QA). 
(iii) Zf Q is projective and there exist subjections g: P + X and 
h: Q + X, then there is a z E EL(P@ Q; A) such that frl, = g and 
f&=0. I 
The following lemma, once established, will complete the proof of 
Proposition 2.1.1. 
LEMMA 2.1.3. Suppose fi: V-B U @ C, for i = 1,2, are surjections of right 
modules over an HNP ring H, where V is projective with untform rank 2 2, 
U is unfaithful with annihilator A, and C is completely faithful. Let nC/ and 
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xc denote the projections onto U and C with respect o the given decomposi- 
tion of UOC. Then nof,-xn,f,o fi- f2. 
Proof ( -+ ) This is clear. 
( * ) Since rrU fi N rcU f2 there exist 8 E Aut( V) and 4 E Aut( U) such that 
nt,f,O=$zofi. Also, since rk(V)>2 we can write V=P@Q, P, QZO, 
and by [ 14, Lemma 1.111 there are surjections g : P -+ C and h : Q + C. 
Also observe that C/CA is unfaithful with annihilator A so C completely 
faithful implies that C= CA. 
Applying Lemma 2.1.2(iii) to fi and fitI in turn, we see that there is 
a ~EEL(V;A) such that rtCfi=xcf2&. Since n,f,&=n,f,tI the 
following diagram commutes 
and sofi-fi. 1 
2.2. Stable Equivalence 
In this subsection we show that, over an HNP ring with enough inver- 
tible ideals, given any presentation f: V -+ U of an unfaithful module by a 
projective module there exists an integer d such that Ucd’ is uniquely 
presentable by V (d) The proof will depend on the following lemma which . 
is an easy consequence of [14, Theorem 1.5 and Proposition 1.91. 
A presentation f: V + X of a right module over a ring R will be called 
ideal if there is a decomposition V = V, @ ... 0 V,, and ideals A,, . . . . A,, of 
R such that ker f = VIA,@ ... 0 V,A,. 
LEMMA 2.2.1. Let f: V -+ X be an ideal presentation over an HNP ring of 
an unfaithful module X. Then X is uniquely presentable by V. m 
With this lemma in mind we proceed to show that, for any presentation 
f: V + U of an unfaithful module over an HNP ring with enough invertible 
ideals, there exists a positive integer d such that f (d is ideal. 
The following combinatorial fact is needed on more than one occasion, 
so we state it as a lemma. Let Z,,, denote the m x n matrices with entries 
in the integers, where “star multiplication” of two matrices is done term by 
term (i.e., [cc * PIG = au. /IV) and the “scalar” matrices are consequently the 
matrices with constant entries. Let T,, = {t E (0, 1 },,, x n: each column of r 
has exactly one non-zero entry}. In the following discussion m, the number 
of rows, remains fixed. 
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LEMMA 2.2.2. Consider matrices a, /I in Z, xn which have non-negative 
entries and satisfy aii = Cy=, phi > 0 for all i = 1, . . . . m and j = 1, . . . . n. That 
is, every row of a is the same with entries equal to the column sums of /?. 
Then there exist non-negative integers k, (not all zero), for z E T,,, such that 
c rETnkT *a=LTnM. 
Before proving the lemma we give the following example as an illustra- 
tion of its statement. 
EXAMPLE. Let/?=[ti: 1. Then we must have a = [: 2 11 and a routine 
calculation allows us to find the appropriate coefficients k,. Note that any 
r with nonzero l-2 entry necessarily has zero coefficient due to the zero in 
the l-2 position of /?. We have 
as required. 
Proof: For y E Z, x n with h any integer, let p(y) := the product of the 
column sums of y (i.e., p(y) = nj [xi yii]). We set k, := p(r * /?) for all 
r E T,. That is, a product of n entries of j?, one entry from each column. 
The case for n, the number of columns, equal to one is established by a 
straightforward calculation. 
An induction on n will finish the proof. Suppose r and s are positive 
integers such that n = r + s. Then, for any matrix y E Z, x n, let yr E Z, x r 
consist of the first r columns of y, and let y2 E Z, x s consist of the last s 
columns of y. We write y = [y, 1 y2]. Defining the m-rowed matrices T, and 
T, in an analogous fashion to T,,, we have 
( ,FT, P(P * BI I)( C 
OE Ts 
da* 82) c * a2)] 
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= [( c P(O * a*,)( c P(P * PI) L&)1 
D E Ts PE =r 
( C P(P*B~))( C P(~*~R,)~~)] by induction 
= 
(,k P(r*l+. I 
n 
Let A be a maximal invertible ideal of an HNP ring H, and let 
is r, . . . . S,} be a complete set of isomorphism classes of simple right 
H/A-modules. 
LEMMA 2.2.3. With the above notation, suppose V is a projective right 
H-module and let the length A,( V/VA) = t. Then V has submodules 
W, 2 VA”’ for i = 1, . . . . m such that 
(i) W,/W,A r S/‘), and 
(ii) WJ WiB z V/VB for any maximal invertible ideal B # A. 
Proof. Part (i) is just [7, Lemma 311. For part (ii) suppose B# A is 
a maximal invertible ideal of H. Since A* + B= H and VA” c Wi we 
have Wi + VB = V. Hence the inclusion Wis V induces a surjection 
4: W,/W,B --t V/VB. Since B is maximal invertible and rk( W) = rk( V), 
[7, Lemma 331 implies that A,( Wi/WiB) = I,( V/VB), and we are 
done. 1 
As a first application of Lemma 2.2,2 we have the following 
PROPOSITION 2.2.4. Let V be a projective right H-module over an HNP 
ring H, and let A,, . . . . A,, be distinct maximal invertible ideals of H. Then 
there exist a positive integer d and projective modules VI, . . . . Vd such that 
(i) VCd)g V, @ . . . @ V,, and 
(ii) Vh/V,,Aj is homogeneous (a direct sum of mutually isomorphic 
simple modules) for j= 1, . . . . n, h = 1, . . . . d. 
Proof We freely use the notation of the statement and proof of 
Lemma 2.2.2. 
For j= 1, . . . . n let Sj := {S,} be the set of isomorphism classes of simple 
right H/Aj-modules, and let m :=max,GiGn IS,l. We let A:=A,...A, and 
to every projective right H-module W we associate a matrix p(W) E Z, )( n 
as follows: 
pij( W) := the number of summands isomorphic to S, in any decomposi- 
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tion of W/WA if i< IS,l, and 0 otherwise. For projective modules W and 
W’ it’s clear that W/WA z W’/W’A if and only if p(W) = p( W’). Also 
W/WA, is homogeneous if and only if ,B( W) has exactly one nonzero entry 
in the jth column. Hence a projective module W satisfies condition (ii) of 
the proposition if and only if p(W) has exactly one nonzero entry in each 
column. In particular, any p( W) = r * c( where t E T,, and u E Z, x n is of the 
desired form. Also note that p(X@ Y) = p(X) + p( Y) for any two right H 
modules X and Y. 
Now let /3 :=,u( V) and let a be the matrix with entries given by 
clii := Cy=, bhj = A,( V/VA,). Repeated applications of Lemma 2.2.3 allow 
us to construct projective modules W,, for r E T,,, such that /J( W,) = t * CI 
and W,/W, B E V/VB for every maximal invertible ideal B other than 
A A,,. 1, ..*, We wish to apply Lemma 2.2.2 to this situation, but 
Lemma 2.2.3 only allows us to construct the above W, for z satisfying 
zij = 0 for all i > lS,(. However, this causes no problem since it is easy to 
see (by considering pii = ,Q( V)) that k, = 0 for any r which has a nonzero 
entry zii when i > lSjl. Hence by Lemma 2.2.2 we have nonnegative 
integers k, such that if we set d := C,, T” k, and W := @,, Tn WJkr’, then 
p(W)= c k,t*cr= c kJ=p(V+“). 
T E Tn r E Tn 
Consequently, V(d)/V(d)A z W/WA; additionally, for any maximal inver- 
tible ideal B not containing A, 
W/WBr @ ( W,/W,B)‘kr’z ( V/VB)‘=7E7nkr)z V’d’/V(d’B. 
r E Tn 
Hence, V’d’/V(d)P g W/ WP for every maximal ideal P of H. This allows us 
(by [21, Corollary 7.31) to find projective modules V,, . . . . vd as required; 
indeed, to each Vh there corresponds some W, such that V,/V,Pr 
W,/ W, P for every maximal ideal P of H. 1 
PROPOSITION 2.2.5. Consider f: V -+ U, a presentation of an unfaithful 
right module over H, an HNP ring with enough invertible ideals. If A,, .,,, A,, 
are the distinct maximal invertible ideals of H which contain the annihilator 
of U, and V/VA, is a homogeneous module for j= 1, . . . . n, then there exists 
a positive integer d such that f (‘) is ideal. 
Proof: We again use the notation of the statement and proof of 
Lemma 2.2.2. 
First observe that an unfaithful uniserial module X over an HNP 
ring is determined up to isomorphism by its length and the quotient 
X/rad X. (See, for example, [7, Sections 3 and 41.) In addition, V/VA, 
homogeneous, for j= 1, . . . . n, implies that U/UA, is also homogeneous. 
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With these things in mind we associate to any module X a matrix 
PL(mEZm..? where m = n,(U) + 1, as follows: 
pV(X) := the number of uniserial summands of length i in any decom- 
position of X/X(AT), for i = 1, . . . . m - 1, j = 1, . . . . n, and 
m-1 
Pmjtx) :=nH(v/VAj)- C Pijtx) for j= 1, . . . . n. 
i=l 
If we define A = (A, ... A,)“- ‘, then any right module X which is 
annihilated by A is determined up to isomorphism by p(X). Also note that 
p(X@ Y) = p(X) + p( Y) for any two right modules X and Y. 
Now let /I := ,D( U), and let M be the matrix defined by CQ = A,( V/VA,) = 
(Cy= I flhj) for 1~ i 6 m and 1~ j < n. Observe that for any invertible ideal 
B containing A column j of p( V//Iv@ has exactly one nonzero entry and 
this entry is A,( V/VAj)=ccij. Hence, n( V/I/B)= r * a for some ZE T,,. 
Given a r E T, we can also find an invertible ideal B containing A such that 
p(V/VB)=z *a. Consequently we have a one-to-one correspondence 
between invertible ideals B, containing A and matrices z E T,, which 
satisfies p( V/T/B,) = r * a. Applying Lemma 2.2.2 produces integers k, such 
that cr, T, k--=C,.Tn k,jI Hence, setting d= C,, Tn k,, we have 
@ ( V/VB,)(“7) = 
I 
c k,z*a= c k,/?=p[UCdJ]. 
Since A annihilates both of these modules, we can conclude that 
0 BE Tn ( V/VB,)‘kr’ z UCd), an ideal presentation of Ucd’ by Vcd). By 
Lemma 2.2.1, any presentation of Ucd’ by Vcd), fed’ in particular, is 
equivalent to this ideal presentation. m 
THEOREM 2.2.6. If f: V + U is a presentation of an unfaithful module 
over H, an HNP ring with enough invertible ideals, then there is a positive 
integer d such that f (d’ is ideal. In this case, UCd’ is uniquely presentable 
by VCd’. 
ProoJ: Applying Proposition 2.2.4 allows us to find a positive integer do 
such that VCdO) is a direct sum of projective modules V,, for h = 1, . . . . n, 
where V,,/T/,A is a homogeneous module for every maximal invertible ideal 
containing the annihilator of U. Now [ 14, Theorem 3.21 allows us to find 
a decomposition of Ker(fcdo)) compatible with a decomposition of VCdo) 
which has summands isomorphic to the V,,. Hence f (d0) is a direct sum of 
presentations fh: V,, -+ U,, for h = 1, . . . . n, where V,/V,A is a homogeneous 
module for every maximal invertible ideal A containing the annihilator of 
U,. Applying Proposition 2.2.5 to this situation allows us to find positive 
integers d,, such that fidh) is ideal. Setting d = d,, d, . .. d,,, we then have fCd) 
ideal. The second statement now follows from Lemma 2.2.1. 1 
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2.3. Change of Categories 
Throughout this section let f: V --+ U be a. presentation of an unfaithful 
right module. Let 
div( f) := {presentations g : fCd) N g 0 h for some integer d 
and presentation h}. 
Then, as in [12, Lemma 3.21, we have a category equivalence between 
div( f) and div(End(f )), the category of projective right End(f )-modules. 
Under this equivalence of categories, two presentations are equivalent if 
and only if they give rise to isomorphic End( f )-modules. 
In order to use this category equivalence effectively we will need the 
following proposition, but first a definition. For modules X and Y let 
trx(U :=LHom(Y,X) O(Y), the trace of Y in X. 
PROPOSITION 2.3.1. Suppose f: V + U is an ideal presentation of a right 
module over a noetherian ring R. Then End(f) is noetherian. 
Proof: Write f: V+ U as @r=, [ Wi + W,/ W,K,] where the Ki are 
ideals of R. Then, writing endomorphisms on the left as matrices, 
End(f)={(8ECHom,(Wj, Wi)],<i,j<“:O(WjKj)S WiKi) 
2 diag[End,( W,), . . . . End,( W,)] 
-. -. D. 
We claim that End,(V) is noetherian as a left and as a right module 
over the noetherian ring D. To see this, write Xi := Hom,,J Wi, R), 
Ei := End,( Wi) g End,(X,), Ti := trR( Wi) = trR(Xi), and consider the 
isomorphisms (see [4, Theorem 1.131) of submodule lattices 
COW, R)l z Pat, Wil and CW R,dT,)I x CWXi)E,l. 
Since R is noetherian, Wi is noetherian as a left &-module and Xi is 
noetherian as a right E,-module. To establish the claim it will suffice to 
show that Hom,( Wj, Wi) is noetherian as a left E,-module and as a right 
Ej-module for 1 < i, j d n. This is clear since 
Hom,( Wj, Wi) E Wi@, Xl, 
and Wi is noetherian as a right R-module while X, is noetherian as a left 
R-module. 
Now since D c End(f) c End,( V), End(f) is noetherian as a left and as 
a right module over D and so as a module over itself. 1 
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3. NEOCLASSICAL ORDERS 
In this section we restate the definition of neoclassical order, and then 
prove a few elementary facts about and give some examples of neoclassical 
orders. 
DEFINITION. A (necessarily semiprime Goldie) ring ,4 will be called a 
(right) neoclassical order if ,4 is (right) noetherian and is contained in and 
left and right equivalent to a hereditary noetherian ring r with enough 
invertible ideals. 
Observe that, in the above definition, ,4 and r are right and left 
equivalent if and only if n contains an essential ideal of IY We begin with a 
few consequences of the definition of neoclassical order. After Proposition 3.1 
we will give an example of a right neoclassical order which is not a left 
neoclassical order. 
PROPOSITION 3.1. Consider a ring A which is contained in and left and 
right equivalent to I’ a hereditary noetherian ring with enough invertible 
ideals. 
Then A is a (right) neoclassical order - T/A is noetherian as a (right) 
A-module. 
Proof. ( * ) Clear. 
( * ) We need only show that A is (right) noetherian, but this follows 
from the hypothesis by [13, Proposition 1.3.19-J. 1 
EXAMPLE. Let D c E be an extension of division rings such that E is 
finite (infinite) dimensional as a right (left) vector space over D. (See [23, 
Theorem 56.11 for example.) Now consider the PID E[x] where x is a 
central indeterminate. Letting A = D + xE[x] c E[x] we see that, as a A 
module, E[x]/A is right noetherian but not left noetherian. An application 
of Proposition 3.1 shows that A is a right neoclassical order, but not a left 
neoclassical order. 
PROPOSITION 3.2. If A is a (right) noetherjan ring which is contained in 
and right and left equivalent to a right or left neoclassical order, then A is 
a (right) neoclassical order. 1 
LEMMA 3.3. Consider a faithful projective right module V over a 
hereditary noetherian ring with enough invertible ideals H. Then there is a 
hereditary noetherian ring with enough invertible ideals, r, containing and 
right and left equivalent to H, such that VOH r is a progenerator for l’. 
ProoJ: Since the idempotent ideal T := tr,( V) is essential in H it 
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contains an invertible ideal, say K. Choose a ring f containing H maximal 
with respect to inclusion in K - ‘. Then, applying [6, Theorem 1.61 to the 
prime summands of H, 1” is a hereditary noetherian ring with enough 
invertible ideals which is right and left equivalent to H. The projective 
module V@, f is a generator for r since tr,(V@ ‘I’) = r. TV f= f. 1 
PROFQSITION 3.4. If V is a projective right module over a (right) 
neoclassical order A, then End,(V) is a (right) neoclassical order. 
Proof: Since End,(V) is (right) noetherian, it will suffice to show (by 
Proposition 3.2) that End,(V) is right and left equivalent to a neoclassical 
order. 
Since n/ann,( V) is a (right) neoclassical order, we can assume without 
loss of generality that V is faithful. Then, by Lemma 3.3, there is a 
hereditary n~the~an ring r containing and right and left equivalent 
to n such that Vmn F is a progenerator for F. Hence, End,(V@r) 
is a hereditary noetherian ring with enough invertible ideals. Write 
VY := f/On r, and consider V as a submodule of VT. It only remains to 
show that End(V) is right and left equivalent to End( VT). However, for 
any K an essential ideal of r contained in /i, Hom( Vf, VK) is an essential 
ideal of End( VT) contained in End(V). [ 
Our interest in neoclassical orders is explained by the next theorem. 
THEOREM 3.5. Consider a presentation f: V + U of an unfaithful module 
over an HNF ring with enough invertible ideals. Then End(f) is a neo- 
classical order. 
ProoJ Let A be the annihilator of U. Then Hom( V, VA) is a non-zero 
ideal of the HNP ring End(V) which is contained in End(f). Hence, 
End(f) is right and left equivalent to End(V), which is a neoclassical order 
by Proposition 3.4. By Proposition 3.2 it now suffices to show that End(f) 
is noetherian, but this follows from Proposition 2.3.1 and Theorem 2.2.6 
since, for any integer d, End(ftd)) 2 Mat,[End(f)]. i 
Another class of examples is provided by classical orders in a separable 
algebra over a Dedekind domain, all of which are neoclassical orders since 
they are contained in a maximal order. 
We also observe that a commutative neoclassical order corresponds to 
what is called a ring-order in [ 111, namely, a l-dimensional commutative 
semiprime noetherian ring with module finite integral closure. The next 
theorem establishes a property that non-commutative neoclassical orders 
share with ring-orders: a neoclassical order has (non-commutative) Krull 
dimension 1. 
LEMMA 3.6. Consider a right neocIassicai order A contained in the 
481/127/2-4 
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hereditary noetherian ring ZY If K is an essential ideal of r contained in A, 
then A/K is right artinian. 
Proof: Since crlK,WK)cAIK, is a noetherian bimodule, and T/K is a left 
artinian ring, we can apply a result of Lenagan (see [ 13, Theorem 5.2.10]) 
to conclude that A/K is right artinian. 1 
By the Krull dimension of a module, we mean Krull dimension in the 
sense of Gordon and Robson (see [S]). For a right A-module X we will 
write K dim(X,,) with analogous notation for left modules. The subscript 
will be omitted when there is no danger of confusion. 
THEOREM 3.1. Zf A is a non-artinian right neoclassical order, then 
Kdirv(A,,) = 1. 
Proof: Since A is not artinian K dim(A,) > 1. Now, let Z be a 
hereditary noetherian ring containing A and left and right equivalent to it. 
Let K be an essential ideal of Z contained in A. It will suffice to show that 
(A/E),, is artinian for every essential right ideal E of A. However, EK is an 
essential right ideal of A (since E and K are essential, and A is semiprime 
Goldie) and, hence, of Z. Now K dim(Z,) = 1, so (T/EK), is artinian. 
Since A/E is a A sub-factor of I’/EK, the proposition will be established if 
we can show that any simple right Z-module S is artinian as a A-module. 
Case 1. Sr is unfaithful. 
Let A be the right annihilator of S in Z. Then A is essential in Z and 
Z := KAK is an essential ideal of Z contained in A. By Lemma 3.6 A/Z is 
right artinian. Since S .Z=O, S is a right A/Z-module which is finitely 
generated (since Z,, is). Hence, S is artinian as a A/Z-module, and so as a 
A-module. 
Case 2. S, is faithful. 
In this case, for any x E S we have 
S=S.K since S is faithful 
=(xT)K since S is simple 
=xK 
EXA. 
Hence, S is simple as a A-module. m 
As a consequence of this theorem, we have, as a special case of [20, 
Theorem 4.21, the following result. 
PRESENTATIONSOVERHNPRINGS 303 
COROLLARY 3.8. Consider a right neoclassical order A with Y a projec- 
tive right module. Then, for any d> 2, 
A@A(“)r y@/f(d)a/j@/j(“-‘)2. y@/i'd-l). 1 - 
This is almost enough to complete the proof of Theorem 1.1. By 
Theorem 2.2.6 we know that, for any two presentations f, g: V+ U of an 
unfaithful module over an HNP ring with enough invertible ideals, there is 
an integer d such that f 0 fed) N g @fed). Using the category equivalence of 
Section 2.3 allows us to use Corollary 3.8 to conclude that f of- g@f. 
The next three sections will be needed in order to cancel off the last f, 
and even then only in the case where rk(ker f) # 1. Many of the results of 
these sections have already been established for commutative neoclassical 
orders (see [22]) and for neoclassical orders which are module finite over 
their centers (see [5], [lo], and [ll]). The proofs in the genuinely non- 
commutative situation are, of course, somewhat different since we can no 
longer rely upon localization. 
4. GENUS AND RESTRICTED GENUS 
Throughout this section /1 will be a right neoclassical order contained 
in and right and left equivalent to the hereditary noetherian ring r. This 
guarantees the existence of an essential ideal K of r which is contained in 
A. Let Q be the classical quotient ring of A. Any torsionfree right module 
X over /i can be written as a pullback as follows, where the maps rr,, zi, for 
i = 1,2, are the canonical projections and inclusions, and XT denotes the 
I’-submodule of X@, Q generated by X@,, /1 which we identify with X. 
(1) 
XIXK 7 XI-/XK 
The next theorem shows that this pullback diagram is unique up to 
isomorphism. 
THEOREM 4.1. With A, r, and K as above consider 
X A”’ 
(2) 
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a pullback diagram defining a A-module X, where Z is a projective r-module, 
Y is a A/K-module, and v2( Y) . r = Z/ZK. Then X is a torsionjiiee A-module, 
and (2) is isomorphic to (1 ), the standard pullback for X. 
Proof: The inclusion v, : X+ Z shows that X is torsionfree as a 
/i-module. Now, as in the proof of [22, Lemma 2.11, consider the diagram 
where a, /I, y are filled in in alphabetical order so that the left, top, and 
right squares commute. Since X maps onto X/XK the bottom square also 
commutes. 
We proceed to show that fl is an isomorphism. Since X is an essential 
right ,4 sub module of XT and X injects into Z, we must have ker(/?) = 0. 
Since X is defined by the pullback (2), we have or(X) 2 ZK. Note that a is 
onto and (since v2( Y) . r= Z/KZ) so is y. Hence 
z=p(xr)+z~=jqxr)+ V,(X)= p(xr) 
and fi is an isomorphism. 
That y (and so a) is injective follows from the fact that fi-'(ZK) = XK. 
Therefore the diagrams (1) and (2) are isomorphic. 1 
As a consequence of this theorem, we see that a torsionfree n-module X 
determines a module over the artinian pair (A/K, r/K) which is unique up 
to isomorphism, namely the bottom row of any pullback diagram (2) for X. 
A module (A, B) over an artinian pair (Y, Y) consists of an inclusion of 
modules A, c B, such that A e ‘Y= B. Two modules (A,, B,) and (A*, B2) 
x > Ll l xr 
\ 
lx 
x D Ul Z 
B /’ 
c’ 
Y - Z/ZK 
Y 
.* *\ 
,’ a -l’\ I \ 
X,XK‘ > 
\ 
L2 
l Xr/XK 
FIGURE 1 
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over the pair (I’, ‘P) are said to be isomorphic if there are isomorphisms 
a I, CI V such that the following diagram commutes. 
A, c B1 
A, c B, 
For a torsionfree right A-module X we define B(X) to be the bottom row 
of the pullback diagram (1) considered as a module over the artinian pair 
(A/K, T/K). Note that this will depend on r and K as well as X. 
We recall (see [9, Section 21 for details) that, for a right module 
(A, B) over an artinian pair ( Y, Y), we have a ring isomorphism 
End,,,,(A, B)zEnd.(C), where 
B] is a right module over the matrix ring T = 
Y Y 
C = [A [ 1 o ~ . 
However, End,(C), the endomorphism ring of a module of finite length, is 
artinian modulo its Jacobson radical (see [ 1, Corollary 29.31) and hence, 
by [2, Corollary 6.51, has 1 in its stable range. We thus have the following 
lemma. 
LEMMA 4.2. With the above notation, 1 is in the stable range of 
End C,,,K, ,-,K,[B(X)] for any torsionfree right A-module X. i 
DEFINITION. With the above notation, two torsionfree right A-modules 
X and Y will be said to be in the same T-K genus if 
(i) B(X) z B( Y) and 
(ii) Xf/XP z Yf/YP for every P a maximal ideal of I’. 
We will write YEGenF(X). It’s, perhaps, worth mentioning that, in the 
case where A is an order over a Dedekind domain and r is a maximal 
order, our definition of genus agrees with the classical definition. See, for 
example, [ 151. 
DEFINITION. Two torsionfree A-modules X and Y will be said to be in 
the same T-K restricted genus if 
(i) B(X) z B( Y) and 
(ii) XT= YT. 
We will write YE ResGenr(X). 
Observe that End[B(X)] can be identified as a subring of End(Xr/XK), 
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that is End[B(X)] = (a E End(XI’/XK): a(X/XK) E X/XK}. With this 
identification we define the groups 
D, := Aut[B(X)], 
E, := Aut(Xr/XK), and 
F, := the elements of E, induced by automorphisms of XT. 
THEOREM 4.3. With the above notation, consider a torsionfree right 
A-module X. Then there is a one to one correspondence between the 
isomorphism classes in ResGenF(X) and the double cosets D,\E,lFx. 
Proof: Define an action of E, on ResGenF( X) as follows: for 8 E E, let 
X0 be defined by the pullback 
x8 ’ ) xr 
I I 
n 
X/XK d Xr/XK _e’,, Xr/XK 
By Theorem 4.1 this is isomorphic to the standard pullback for X0, and it 
is easily seen that, for 4 E E,, 
(X”)” E xB”. 
Hence, we have a well defined group action, provided X0 E ResGenF(X). 
This follows easily from the definition of restricted genus. 
We next show that, for 8, 4 E E,, if XezXxO, then ~ED,.~.F,. So 
suppose 6 : Xe + X4 is an isomorphism. The proof of Theorem 4.1 yields 
the commutative diagram shown in Fig. 2 where cl,,, /I?, and y are 
\ 
6 
J 
B 
x+ > + xr 
X/XK - Xl?/XK > ‘-’ L, XFJXK 
,* 
I ‘Qr 
I 
, 
X/XK - XI‘/XK > e-1 
FIGURE 2 
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pr-'7 > s xr 
X/XK - Xf/XK > -r--I ar m xr/xk: 
FIGURE 3 
isomorphisms. Note that 01, = (q4yO-‘)IXIKX and we can draw the dashed 
arrow, where CI ~:=q5~&‘~D,.Hence,sincey~F,,wehave#=or~8y~’~ 
D,-8-F,. 
Conversely, suppose d, = a&-’ with u,ED, and YE F,. The above 
diagram can again be constructed, with 6 being the last map lilled in and 
clearly an isomorphism. Therefore Xe r X”. 
It remains to show that the action is transitive, so suppose 
YE ResGenF(X). Then there are isomorphisms ~1: B(X) -+ B(Y) and 
/I: XT + YZT Let y : XrjXK -+ YZ/YK be the isomo~hism induced by fi. 
We can construct the diagram shown in Fig. 3 where un, a,-, p, and y are 
isomorphisms. Then 6 can be filled in so as to make the diagram commute 
and is clearly an isomorphism. 1 
Before proceeding with the proof of the cancellation theorem, we need a 
number of preliminary results on HNP rings. 
5. HNP RINGS 
This section isolates some technical facts concerning HNP rings from the 
proof of the cancellation theorem in the next section. 
The foliowing notation will be used consistently. Given a ring A, the 
units of A will be denoted by A*, the ring of r by r matrices over A will 
be denoted by M,(A), the units of this matrix ring will be denoted by 
GL,(A), and EL,(A) will denote the subgroup of units generated by 
e~e~e~tff~~ matrices, E = Z, + ae$(a E A, i # j), where eii denotes the matrix 
with 1 in position (i, j) and zeros elsewhere. 
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PROPOSITION 5.1. Let H be an HNP of uniform rank r 2 2 with non-zero 
ideal I not contained in any idempotent ideal. Then 
(i) H/Zz M,(A) as rings for some artinian PIR A, 
(ii) H*lI? EL,(A) where HjI is identified with M,(A) via the 
isomorphism of part (i), and 
(iii) The isomorphism of part (i) induces canonical group epimorphisms 
Proof: Claim: If X and Y are projective H modules, then X/XIz Y/YZ 
iff rk(X) = rk( Y). 
Proof of claim. Since I is not contained in any idempotent ideal, 
I= p;1.. . PF for some invertible maximal ideals Pi and positive integers ni 
(see [6, Propositions 2.1 and 2.21). Hence it suffices to establish the claim 
for ideals of the form P” where P is an invertible maximal ideal. Letting A( ) 
denote the length of an H module [7, Theorem 331 implies that 
I(X/XP) = . . . =n(XP”-‘!Xp”)=1(H/P).~=t, (say). 
Then, by [7, Lemma 301, X/XP” is the direct sum of t, uniserial modules, 
each of which has length n. However, these are projectives over H/P” which 
is isomorphic to a full matrix ring over a local artinian PIR (see [16, 
Corollary 3.91) and consequently has only one uniserial projective module 
up to isomorphism. Call this uniserial module I/. Then X/XP” 2 V(‘x). 
Similarly Y/ YP” r V(ty) and the claim is proved. 
Proof of(i). Write H = U, @ ... @ U, as a sum of uniform right ideals. 
There are ring isomorphisms 
Hz [HomAUi, Uj)ll<i,i<r 
H/I g HowA Ui, uj) 1 HomAUi, UjZ) lCi,j<r 
since Ui is projective for all i, 
.M,[End,,($)] bytheclaim, 
where End,(U,/U,Z) := A is an artinian PIR by the proof of the claim. 
Proof of (ii). With the notation of part (i) observe that the image 
of EL( U,, . . . . U,) in M,(A) via the above isomorphism is EL,(A). The 
inclusion EL( U, , . . . . U,) G H* establishes part (ii). 
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Proof of (iii). Since A has 1 in its stable range and r > 2 this follows 
from parts 1 and 2: 
K,(H/Z) z K,(M,(A)) z K,(A) =m -+ - W(A) (H/Z)* +. , 
I H*/Z ’ 
For ease of reference we state a result of Stafford (for a proof see [18, 
Proposition 2.1 I). 
LEMMA 5.2. Let H be a ring and M a noetherian left H-module 
with K dim(M) = r < Kdim( H). Suppose a, b E M are such that 
K dim(M/( Ha + Hb)) < r, then one of the following occurs: 
(1) There exists x E H such that K dim(M/H(a + xb)) < r. 
(2) There exist an ideal T in H and a left ideal L 2 T such that 
K dim(H/T) = K dim(H/L) = r, and there exist submodules MI 3 M, of A4 
with Kdim(M/M,) <r and M,lM, z HITO H/L. 1 
LEMMA 5.3. Zf A is an essential left ideal of an HNP ring H and 
H=Ha+Hb+A, then there is an x~Hsuch that H=H(xa+b)+A. 
Proof Note that Kdim[,+H~~+.] = Kdim(0) = -1 and, since 
“(H/A) is artinian, K dim(H/A) = 0. Applying Lemma 5.2 with M = H/A 
and r = 0 we see that condition 1 is the desired conclusion. We will show 
that condition 2 is impossible. 
Suppose condition 2 of Lemma 5.2 holds. Since only the zero module has 
Krull dimension less than 0 we must have MI = H/A and so MI/M, z H/C 
for some left ideal C. Note also that since K dim( H/L) = 0 we have H # L. 
Now consider the isomorphism H/C E H/T@ H/L. Since T annihilates the 
right (and so the left) side of the above, Tc C and, denoting the length of 
an H-module by A( ), 
I(H/T) > l(H/C) = I(H/T) + A(H/L) 2 l(H/T) + 1 
a contradiction which establishes the lemma. 1 
The following lemma due to Bass is a reformulation of [3, 
Theorem IV.3.43 using the remark in the theorem’s proof. Note that an 
element of a module is said to be unimodular if it generates a free direct 
summand. 
LEMMA 5.4. Suppose M = ;1H@ uH@ N is a right module over a ring H, 
where 
(i) 1 and ,u are unimodular, and 
(ii) for any unimodular <=la+ub+rN, where a,bEH and ~,,,EN, 
there exists an n E uH@ N such that r]a + ub + r, is unimodular. 
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Then, for any ~nim#dula$ elements 01, ~1~ E M, there is an f E EL(AH, pH@ N) 
such thutf(a)=a,. 8 
Combining Lemma 5.3 and Lemma 5.4 yields the following result. 
LEMMA 5.5. If H is a hereditary noetherian domain with projective right 
module M = AH @ PH @ N, where N # 0, then for any unimodular a, u, E M 
there is an f E EL(A.H, pH@ N) such that f(a) = ccl. 
Proof: We show that the conditions of Lemma 5.4 are satisfied. 
(i) Clear, since H is a domain and M is projective. 
(ii) Suppose 5 = Aa -t pb + cN is unimodular in M, where a, b E H 
and rN E N. We will find q E pH 0 N such that qa + pb + cN is unimodular 
in M. Following Bass, for an element y of a M we let o(y) := 
(h(y) : h E Hom,(M, H) > a left ideal of H, and observe that y is 
unimodular in M if and only if o(y) = H. Consequently we have 
H=o(r)= Ha+ Hb+o(t,). 
Case I. aorb=O. 
In this case set 4 := p. Then 
and na + pb + rN is unimodular in M. 
Case 2. a,b#O, <n#O. 
In this case H= Ha + Hb f o(<,) with o(<~) a non-zero (since N is projec- 
tive) and hence essential (since H is a noetherian domain) left ideal of H. 
Apply Lemma 5.3 to obtain an x E H such that H = H(xa + b) + o(<~) and 
set 4 := px. Then 
o(na + pb + lN) = o(,u(xa + b) + tN) = H(xa + b) + o(tnr) = H 
and na + ,ub + cN is unimodular, 
Case 3. a, b # 0, c,,, = 0. 
In this case pick any non-zero v E N and set <I := c + vu. Since o(<i) = 
o(5) + o(va) = H, c1 is unimodular in it4 so Case 2 applies and there is an 
~lE~H@Nwitho(~la+~b+va)=H.Set~:=~,+v.Then 
o(na+,ub+5,)=o(n,a+pb+va)=H 
and na + ,ub + gN is unimodular. 
Thus the hypotheses of Lemma 5.4 are satisfied and the proof is 
finished. fl 
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The proof of the following lemma (excepting the use of Lemma 5.5 in 
place of [3, Theorem IV.3.41) is taken from [ll, Lemma 2.121 and is 
included here for completeness. This lemma extends Lemma 5.5 to the form 
we will need in the next section. 
PROPOSITION 5.6. If H is an HNP ring with projective right module 
M=L@N=L’@N’where 
(i) Lr L’, 
(ii) t-k(N) 2 2, and 
(iii) L=L,@ . . . @ L, a direct sum of unifarm progenerators such 
that LiJ Nfor i= 1, . . . . r, then there is an f E EL(M) such that f(L) = L’. 
Proof: First observe that given any F, an equivalence of module 
categories, the group EL(M) is mapped to EL(F[M]). We induct on r: 
If r = 1, then L is a uniform progenerator and by the above observation 
may be assumed to be a rank 1 free module over a hereditary noetherian 
domain. Since L(N, an application of Lemma 5.5 provides the desired J
If r> 1, write L= L1 @ C and L’= L; @ C’, where L; z L1 and 
C’ZC=L,@ ... 0 L,. By the case r = 1 there is some g E EL(M) such 
that g(L,) = L;. Since EL(M) is a group we can assume that L, = L; and 
M=L,OC@N=L,@C’@N’. 
Let p : A4 + CON be the projection map with kernel L, . Then C@ N = 
p(C’) 0 p(N’), so by induction there is an f E EL( CO N) such that 
f(C)=p(C’). Since ker(p)=L, and f(C)=p(C’) we have L,@f(C)= 
L1 0 C’. Extend f to the element of EL(M) that equals 1 on L, to get 
f(L, @C) = L, @C’ as desired. 1 
6. DROZD CANCELLATION 
In this section, after a final few preparatory results, we complete the 
proofs of Theorem 1.1 and Theorem 1.2. 
LEMMA 6.1. Let K be an essential ideal of a right neoclassical order A 
with I the guaranteed hereditary noetherian ring with enough invertible 
ideals. Then there exists I’ a hereditary noetherian ring with enough invertible 
ideals and an essential ideal K’ such that 
(i) K’ is contained in no idempotent ideal of I”, 
(ii) any idempotent ideal of I which doesn’t contain K’ must lie in a 
maximal ideal of I whose cycle (see [6]) is disjoint from the set of maximal 
ideals of I which contain K’, 
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(iii) K’ c K, and 
(iv) /1 c r’. 
Proof: Let I be the essential ideal of f contained in II guaranteed by 
the definition of right neoclassical order. Then, IKZ is an essential ideal 
of r; hence, there is an invertible ideal J of r contained in ZKI and, so, 
contained in K. 
If P 1 > ..., P, are the maximal ideals of r containing J, then, by replacing 
J with J” if necessary, we may assume (by [6, Proposition 4.33) that any 
idempotent ideal of r not containing J must be contained in some maximal 
ideal other than P,, . . . . P,. 
Now, choose r’ containing r and maximal with respect o inclusion in 
J-‘. Then, letting A = tr,(,r’) and A’ = tr,(r’,), the product AJA’ = K’ 
is an essential ideal of r’ (by [6, Theorem 1.63 a hereditary noetherian 
ring with enough invertible ideals) which is contained in K, but in no 
maximal ideal of r other than P,, . . . . P,. Hence, conditions (ii)- are 
satisfied, and it remains to show that K’ is not contained in any idempotent 
ideal of r’. 
By [6, Proposition 1.81 there is a one-to-one correspondence between 
idempotent ideals B of r such that Bc A and idempotent ideals of r’ 
under which B is taken to BT’. Under this correspondence A goes to r’. 
Now, suppose that K’ c BY for some idempotent ideal B of r. We have 
K’A L BT’A 
= BA since T’A = A 
=B since B 2 BA 3 B* = B. 
However, the only maximal ideals of r which can contain K’A, and so B, 
are P1, . . . . P,. By our choice of J this implies that J c B G A; hence, since 
A is a minimal idempotent ideal of r containing J by [6, Theorem 1.61, we 
have B = A and BY = r’. 1 
LEMMA 6.2. If U and V are uniform projective right modules over r, an 
HNP ring with enough invertible ideals and classical quotient ring Q, then 
there exists r’, an HNP with enough invertible ideals, which contains r and 
is right and left equivalent to r such that Ur’JUP’z VT’/VP’ for every 
maximal ideal P’ of r’. (As in section 4, UT’ denotes the r’ submodule of 
U@, Q generated by U@, r.) 
Proo$ By [21, Lemma 73 U/UP % V/VP for all but a finite number of 
the maximal ideals P of r. Let K be the intersection of these maximal 
ideals. Applying Lemma 6.1 we can find r’ an HNP ring containing r with 
nonzero ideal K’ c K such that 
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(i) K’ is contained in no idempotent ideal of r’, and 
(ii) any idempotent ideal of r which doesn’t contain K’ must lie in 
a maximal ideal of r whose cycle is disjoint from the set of maximal ideals 
of I’ which contain K’. 
We consider rings R between r and Q which satisfy the following 
condition: 
If P is a maximal ideal of R such that P + K’ = R, 
then URIUP 2 VR/ VP. (*I 
Since K’ is contained in no idempotent ideal of r’ and [7, Theorem 331 
implies that iJr’/UP’ z VT’/VP’ for any invertible maximal ideal P’ of r’, 
to finish the proof of the lemma it will suffice to show that r’ satisfies 
condition ( ++ ).
By our choice of K, condition ( t ) is satisfied by r’. By [6] there is a 
chain of HNP rings r= r, c . . . c r, = r’ such that, for i= 1, . . . . n - 1, 
ri+,=O(Ai):={xEe:xAi~Ai} f or some idempotent maximal ideal Ai 
of ri, where Aiz K’. Note that condition (ii), above, is satisfied by ri for 
i = 1, . . . . n; and, hence, it will suffice to prove the following claim. 
Claim. Suppose A is an idempotent maximal ideal of r which contains 
K’ and r’ = O(A). Then, if r satisfies condition ( t ), so does r’. 
Proof of claim. Let P’ be an idempotent maximal ideal of r’ such that 
P’+ K’= r’. By [6, Proposition 1.81 P’= BT’ for some B an idempotent 
ideal of r maximal with respect o inclusion in A. Hence, B = (P n A)’ for 
some maximal idempotent ideal P of r. (See [6, Corollary 4.61.) Since B 
does not contain K’ and A does, condition (ii) implies that P and A belong 
to distinct cycles of idempotent maximal ideals. Consequently, [16, 
Corollary 5.51 implies that P n A = PA = AP is idempotent. Thus, 
P’ = PAT’ = PT’ and, since r’ is flat as a r module (by [ 17, Lemma 2.1]), 
we have 
(ujup)o, i-f g ~63~ ryupcgr f 
g uryupl via multiplication. 
Similarly ( V/VP) Or r’ z VF/VP’. However, P + K’ = r and condi- 
tion ( # ) imply that U/UP z V/VP, so the claim is established. 1 
We are now in a position to prove Theorem 1.2. 
Proof of Theorem 1.2. Suppose A is a right neoclassical order, and 
XOZS Y@Z 
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is an isomorphism of torsionfree right A-modules such that Z E div(X) and 
End,,(X) satisfies the Drozd condition. We wish to conclude that Xg Y, 
and it is clearly enough to consider the case where Z r X and X is faithful. 
Let Q denote the classical quotient ring of A, and, as in Section 4, let XT 
denote the r submodule of XO,, Q generated by X@,, A. Repeated 
applications of Lemma 3.3 and Lemma 6.2 followed by an application of 
Lemma 6.1 allow us to find r, a hereditary noetherian ring with enough 
invertible ideals, such that r has an essential ideal K not contained in any 
idempotent ideal of r, but contained in A. Furthermore, for every noncom- 
mutative prime summand r’ of r we have 
(1) XT’ has uniform rank at least two and can be written as a direct 
sum of uniform progenerators U over r’, and 
(2) (U/UP)(‘) ( Xr’jXP for every maximal ideal P of r’ and every U 
as above. 
Define H= End,(XT), I= Hom,(Xr, XK), 8 = H/Zr End,(Xr/XK), and 
A = End[B(X)], where B(X) is defined as in Section 4. Note that XT a 
progenerator for r implies that H is Morita equivalent to r and Z is not 
contained in any idempotent ideal of H. 
Claim. YE ResGenF( X). 
Proof of claim: We must show that 
(i) B(X)rB(Y), and 
(ii) xrg Yr. 
The first conclusion follows easily from B(X) 0 B(X) g B( Y) 8 B(X), 
since cancellation holds over artinian rings. 
To establish the second condition we can work with one prime sum- 
mand r’ of r at a time, where we have XT’ @ XT’ r YT’ @ XT’. 
If r’ is commutative, a well-known cancellation result for Dedekind 
domains implies that XT’% YT’. 
In the non-commutative case we appeal to [ 19, Corollary 5.111 which 
implies (as a special case) the following: 
If V@ Us IV@ U is an isomorphism of projective modules (U uniform) 
oven an HNP ring r’ such that 
(1) rk(V)> 1, and 
(2) (U/UP)(‘)I V/VP for every maximal ideal P of r’, then I’s W. 
This is enough to establish the claim since it clearly suffices to cancel off 
the uniform summands of XT’ one at a time. 
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Thus, Theorem 4.3, in conjunction with the claim, guarantees the 
existence of some 0 E O* such that 
Consequently 
X@Xr YOX 
rP@X 
z (~0 X)diag(R 11, 
and we must have, by Theorem 4.3, 
e 0 
[ 1 o 1 E G&(A). ~IIGJWOI E GL(@), 
where z: H + 8 is the canonical projection and we consider d to be a 
subring of 0. To complete the proof it will suffice, again by Theorem 4.3, 
to show that 
c9E A* .n(H*), 
and, to do this, we can certainly restrict our attention to the case where H 
and Z are prime. 
The case where H is commutative is dealt with easily through the use of 
determinants; hence, it will suffice to consider the case where H is non- 
commutative. Since H satisfies the Drozd condition, H and Z satisfy the 
hypotheses of Proposition 5.1, and M := X0X satisfies the hypotheses of 
Proposition 5.6. 
We have 
GL,(A).n[GL,(H)] = “d ; [ 1 -G(A).dGh(Wl 
since A has 1 in its stable range by Lemma 4.2 
= “d ; .z[GL,(H)] [ 1 
since EL,( 8) E z[GL,( H)] by Proposition 5.1. 
We identify G&(H) with Aut(E”, @ Ez), where E1 E .Yz E XT. Observe 
that, with this identification, the proof of Proposition 5.1 shows that 
$EL(S”, 0 &)I c EL,(O). It will suffice to establish the following claim: 
G&(H)= “d !f .EL(E, 08,). [ 1 
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Proof of sufficiency. If the claim is true, we have 6 E A* and h E H* 
such that 
where 
* 0 [ 1 o 1 E n[EL(E, 0 &)I EL,(Q) 2 EL,,(A) 
for some artinian PIR A with r = rk(H) > 2 by Proposition 5.1. However, 
A has 1 in its stable range which implies that tj EEL,(A). Another 
application of Proposition 5.1 shows that EL,(A) G n(H*); consequently, 
8 E A* . n(H*), completing the proof of the theorem. 
Proof of the claim. Choose any f E G&(H) = Aut(s”, 0 Z2). By 
Proposition 5.6 there is a gEEL(Ei @&) such that f -‘(6,) = g(S,). 
Hence, fg(8,) = Ei, and as a matrix 
with a, CE H*. Since 
we have 
f =[“o’ ;I (gg’)-‘t[Hgl ;].EL(S,@E*), 
and the claim is proved. 1 
After one more theorem we will have all of the ingredients needed in the 
proof of Theorem 1.1. 
THEOREM 6.3. Suppose X@ Zg Y@Z is an isomorphism of projective 
modules over an HNP ring A with enough invertible ideals. Zf rk(X) > 1, then 
xs Y. 
Proof: Using Lemma 3.3 followed by an application of Lemma 6.1 
allows us to find an HNP ring r with enough invertible ideals and a 
non-zero ideal K such that 
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(1) K is contained in no idempotent ideal of r, 
(2) KgAcI’, and 
(3) XT := XOn r is a progenerator for r. 
Claim. YE ResGen F( X). 
Proof of claim. By the third condition we have Zre div(Xr), and 
we can apply Theorem 1.2 to the isomorphism XT 0 ZTg Yr@ ZT to 
conclude that XTz YT. 
It remains to show that B(X) E B( Y), where the notation is that of Sec- 
tion 4. Note that X/XK z Y/YK and Xr/XK g YI’/YK since cancellation 
holds over artinian rings. Now consider the commutative diagram in Fig. 4 
where 0 is the guaranteed isomorphism and c1 exists since X is projective. 
The maps /3 and then y are filled in to make the top and right squares 
commute. The bottom square then commutes since rcn, is surjective. 
Now y(XJ’/XK) = o,B(X/XK) . r = YI’/YK, so y is an epimorphism of 
isomorphic modules of finite length and hence an isomorphim. This 
establishes the claim. 
We finish the proof of the theorem by showing that there is only one 
isomorphism class in the T-K restricted genus of X. Let R := End(X), 
H := End(XT), and I := Hom(Xr, XK). Then Zc R E H where R and H 
are HNP rings, and (since XT is a progenerator over r) the Morita corre- 
spondence shows that Z is an ideal of H not contained in any idempotent 
ideal of H. 
By an argument similar to that in the proof of the claim, it is easy to see 
x > 41 b xr 
\ 
\ 
\ 
.a B /’ 
‘4 c’ 
Y > “1 l Yr 
XIXK > 
12 
l Xl’/XK 
FIGURE 4 
481/127/2-5 
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that any automorphism of X/XK can be lifted to an automorphism of 
Xr/XK. Hence 
Aut[B(X)] = Aut(X/XK) 
= (R/Z)* since X is projective. 
Also Aut(XZ’/XK) = (H/Z)* and Aut(XZ) = H*. Combining Theorem 4.3 
with Proposition 5.1 we see that there is a one to one correspondence 
between the isomorphism classes in ResGenF(X) and K,(H/Z)/p[(R/Z)*] . 
v(H*) where p and v are induced from the canonical maps via the 
surjection (H/Z)* + K,(H/Z). 
Now Proposition 5.1 implies that H/Z is isomorphic to a direct sum of 
matrix rings (each of size greater than 1) over local artinian PIRs which 
are division rings modulo their radicals. The ring R/Z is the multiple 
idealizer of a chain of semimaximal right ideals of H/Z, (See [ 17, 
Theorem 3.5 and Corollary 7.11.) By [ 16, Lemma 3.21 it will suffice to con- 
sider the case when H/Z is indecomposable as a ring, and so isomorphic to 
some M,(L), where n > 1 and L is a local artinian ring with radical .Z such 
that L/J is a division ring. In this case [16, Corollary 3.81 implies that R/Z 
is (up to isomorphism) a direct sum of block lower triangular matrices over 
L\J, i.e., blocks above the diagonal have entries in J. In particular, (R/Z)* 
contains all matrices of the form diag(b, 1, 1, . . . . 1) where 6 EL*. 
Hence, letting p[ (R/Z)*] denote the canonical image of (R/Z)* in 
K,(H/Z), and observing that 1 is in the stable range of L, we have 
PC(W)*I = K,(H/O 
= K,W,(L)). I 
We are now in a position to complete the proof of Theorem 1.1. 
Proof of Theorem 1.1. Suppose f: V-+ X is a presentation over an 
HNP ring with enough invertible ideals, where I/ is projective and 
rk(ker f)# 1. By Proposition 2.1.1 we can write V= Vi0 V, and 
X = V; 0 U@ C, where U is unfaithful serial, C is completely faithful, and 
f carries V, onto U@ C and V1 isomorphically onto Vi. 
Since V, is determined up to isomorphism by X and rk( VJ = 
rk(ker f) # 1, Theorem 6.3 implies that V, is determined up to 
isomorphism by X and V. 
Combining Theorem 2.2.6 and the category change of Section 2.3 with 
Theorem 3.5 and Theorem 1.2 allow us to conclude that U is uniquely 
presentable by I’,. 
A final application of Proposition 2.1.1 completes the proof. 1 
PRESENTATRBNS OVER HNP RINGS 319 
1. F. W. ANDERSON AND K. R. FULLER, Rings and categories of modules, in “Graduate Texts 
in Mathematics,” Vol. 13, Springer-Verlag, New York, 1974. 
2. Ii. BASS, K-theory and stable algebra, Publ. Math. I.fL!X 22 (1964), 5-60. 
3. H. BASS, “Algebraic K-Theory,” Benjamin, New York, 1968. 
4. J. COZZENS AND C. FAITH, “Simple Noetherian Rings,” Cambridge Univ. Press, 
Cambridge, 1975. 
5. A. DROZD, Adefes and integral ~pre~ntations, ?a>. Akad Nauk SSSR 33 (X969), 
1019-1026. 
6. D. EBENBUD AND J. C. Roasoa Hereditary noetherian prime rings, .I. Algebra 16 (19703, 
86104. 
7. K. R. G~~DEARL AND R. B. WARFIELD, JR., Simple modules over hereditary noetherian 
prime rings, .I. Algebra 57 (1979), 82-100. 
8. R. GORDON AND J. C. ROBSON, Krull dimension, Mem. Amer. Math. Sot. 133 (1973). 
9. E. L. GREEN AND I. REINER, Integral rep~sentat~ons and diagrams, Michigan Math, J. 25 
(19781, 53-84. 
IO. R. M. GU~LNICK, The genus of a module II: Roiter’s theorem, power cancefiation, and 
extension of scalars, J. NI&XF Tke5ry 26 (1987f, 149-$65. 
ft. R. M. GURALN~CK AND L. S. LEVY, Pre~ntatio~s of mod&s when ideais need not be 
principals I@. J. Mark. 32 (1988], 593653. 
12. R. M. GURALNICK, L. S. LEVY, AND C. J. UDENTI%AL, Eiementary divisor theorem for 
non-commutative PIDs, Proc. Amer. Math. See. 103 (1988), 1003-1011. 
13. A. V. JATEGAONKAR, Localisation in noetherian rings, in “L.M.S. Lecture Note Series,” 
Vol. 98, Cambridge Univ. Press, Cambridge, 1985. 
14. L. S. LEVY AND J. C. ROBSON, Matrices and pairs of modules, J. Algebra 29 (1974), 
427454. 
IS. I. REINER, “Maximal Orders,” Academic Press, New York, 1975. 
16. J. C. ROBSON, Idealizers and hereditary noetherian prime rings, J. Afgebru 22 (1972), 
45-81. 
17. J. C. ROBSON, The coincidence of idealizer subrings, L London Math. Sot. (2) 10 (19751, 
338-348. 
18. J. T. STA~ORD, Stable structure of non-commutative noetherian rings, J. Rigebra 47 
{ 19771, 244-267. 
19. J. T. STAFFORD, Generatin modules efficiently: algebraic &theory for non-commutative 
n~therian rings, J. Algebra 69 (1981), 312-346. 
20. R. B. WARFIELD, JR., Cancellation of modules and groups and stable range of 
endomorphism rings, Paczjic J. Math. 91 (1980), 457-485. 
21. R. E. WARFIELD, JR., The number of generators of a module over a fully bounded ring, 
J. Algebra 66 (1980), 42%447. 
22. R. WIEGAND, Cancellation over commutative rings of dimension one and two, J. Algebra 
88 (19841, 438459. 
23. P. M. COHN, Skew field Constructions, in “London Math. Sot. Lecture Note Series,” 
Vol. 27, Cambridge Univ. Press, Cambridge, 1977. 
